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We study the electronic structure and transport properties of a triangular network of topologi-
cal conducting channels that can be materialized in marginally twisted bilayer graphene under a
perpendicular electric field. The conduction of electrons through domain walls of opposite valley
Chern number regions is known to have special current partition rules that preserve the current
propagation chirality. Here we give a complete description of the current transport along the tri-
angular network of domain wall channels. We analyze first the current partition rules for a single
network node consisting of three intersecting domain walls where current injected from one branch
is partitioned mainly into the neighboring branches plus a smaller nonzero forward propagation. For
a network of domain walls consisting of multiple nodes, the transport near charge neutrality point
depends on the orientation and geometry, resulting in quantized transport that is robust against
weak disorder in nanoribbon geometries with sawtooth domain wall edges, in qualitative agreement
with recent experiments [Nat. Mater. 18, 453 (2019)], while the finite size effect opens a gap for
trident edged ribbons. For Fermi energies away from charge neutrality all domain wall channels
contribute in the conduction of current. Our results provide a comprehensive analysis of the elec-
tronic transport properties in a topological domain wall network that can provide useful insights for
designing electron-beam splitters for low-power topological quantum devices.
Introduction—. Topologically confined states, often
termed as zero line modes (ZLMs) or kink states, lo-
calized at the interface between domains with different
valley Hall topological numbers, have been studied in a
variety of massive graphene systems [1–19]. At the inter-
section of two zero lines, counterintuitive current parti-
tion laws that preserve the current chirality have been re-
ported theoretically [5–7]. Although these zero lines have
been experimentally realized in gated bilayer graphene
through precisely aligned dual gated devices [20–22], it is
technologically very challenging to devise a periodic net-
work of intersecting topological domain walls using sim-
ilar techniques [8]. Fortunately, recent experiments on
twisted layered van der Waals materials pave a natural
pathway to explore ZLMs networks [23–35]. The most
representative system is the twisted bilayer graphene,
where a moire´ pattern forms to arrange the AB/BA
stacking domains periodically in space [23–32]. When
a perpendicular electric field is applied via electric gat-
ing or built-in electric fields from substrates, those chi-
ral stacking domains become insulating with a finite val-
ley Chern number, and give rise to a network of con-
ducting domain wall ZLMs [6, 10–16]. These networks
have been imaged in minimally twisted graphene bilay-
ers through scanning tunneling microscopy [23, 25, 28, 29]
and optical techniques [29]. Similar network of domain
wall states could also arise in graphene/hexagonal boron
nitride heterostructures if the moire´ periods could be
expanded to reduce the overlap between the neighbor-
ing conduction channels [36, 37]. Transport across in-
sulating and superconducting domains in twisted bilayer
graphene [38] is likely influenced by the domain wall net-
work of one-dimensional quantum wires [39]. However,
the electronic transport properties through ZLMs domain
wall networks remain poorly understood [23–29, 33–35].
In this Letter, we focus on the electronic structure and
transport properties of a network of domain walls result-
ing from domains with valley Chern number differences
of ±1 modeled through gapped graphene lattices with
staggered potentials. The domain walls intersect with
each other and the intersecting points form a triangular
superlattice. Based on a tight-binding model, we calcu-
late the electronic structures and find that though each
topological domain is insulating with a bulk energy gap,
the ZLMs that propagate along the network of domain
walls consist of in-gap linearly dispersing metallic states.
In order to study the transport properties in this net-
work of ZLMs, we first analyze the current partition in a
single network node formed by three intersecting ZLMs
that are connected to a total of six leads, see Fig. 2,
where we see a finite forward propagation probability
that depends strongly on the Fermi energy. A network of
ZLMs with multiple nodes where quantum interference
effects and boundary conditions are important gives rise
to markedly different transport properties near charge
neutrality depending on edge configurations, either tri-
2FIG. 1: (a) Schematic plot of twisted bilayer graphene and identification of regions with AB, BA (in green), and AA stacking (in
yellow). (b) Monolayer graphene with position-dependent lattice potentials labeled in red and blue. The sublattice potentials
are set to be ∆ = 0.1t. (c) Bulk band structure and (d)-(e) ribbon band structures along high-symmetry lines. kx correspond
to the ribbon with sawtooth boundary, and ky for the ribbon with trident boundary, defined as the inset. The side length of
the bulk primitive cell is 8.1 nm and the width of the ribbon unit cell is 24 nm. Blue bands are inside the bulk band gap, and
the red bands highlight the gapless zero line modes contributing to the boundary propagation.
dent or sawtooth, see Fig. 3. In a nanoribbon with
trident edges a small energy gap is opened due to the
finite size effect making it an insulator, whereas in a rib-
bon with sawtooth edges we find nearly quantized con-
ductance G = e2/h through gapless modes distributed
at the system boundaries that are robust against weak
disorder. Similar gapless modes and finite conductivity
are found for arbitrary boundaries that depart from a
trident edge configuration, indicating that the latter is a
special case. However, when the Fermi energy deviates
away from the charge neutrality point the transport be-
comes independent of the system’s edge configuration as
the current spreads along all domain walls in the network.
The quantization of transport near charge neutrality that
we find in our analysis is in qualitative agreement with
recent transport experiments in a network of topological
domain walls in twisted bilayer graphene under strong
electric field [25, 32].
System model Hamiltonian—. A twisted bilayer
graphene is shown schematically in Fig. 1(a), where the
bright zone in the center corresponds to AA stacking.
Around this central zone, chiral AB or BA stacking do-
mains are formed periodically. By applying a perpen-
dicular electric field, the AB/BA stacking domains are
gapped and develop opposite valley Chern numbers, giv-
ing rise to domain walls between AB and BA stacking
regions where gapless ZLMs form [23, 28, 29].
A simplified domain wall network model that aims
to capture the transport properties of twisted bilayer
graphene consists of a monolayer honeycomb lattice with
spatially varying staggered sublattice potentials as illus-
trated in Fig. 1(b) where sites in red/blue have posi-
tive/negative on-site energies. These geometries have the
topological domain wall structure of Fig. 1(a), and can be
described by the following π-orbital tight-binding Hamil-
tonian:
H = −t
∑
〈ij〉
c†i cj +
∑
i∈A
UAc
†
ici +
∑
j∈B
UBc
†
jcj,
where c†i (ci) is a creation (annihilation) operator for
an electron at site i, and t = 2.6 eV is the nearest-
neighbor hopping amplitude. The sublattice potentials
are UA=−UB=λ∆ with λ = ±1 in the corresponding
AB/BA stacking regions, where 2∆ measures the magni-
tude of the energy gaps at those domains. The nearest-
neighbor interatomic distance is set to a = 0.14 nm in
our calculations. The unit cell of the superlattice is indi-
cated with a black hexagon in Fig. 1(b) and the 2D bulk
band structure is represented along the high-symmetry
lines in Fig. 1(c) when the system has a bulk band gap
2∆ = 0.2t. We can observe in-gap band structures within
the bulk gap consisting of Dirac-like linearly dispersing
bands around the Γ point meeting at zero energy, and
additional mini Dirac cones at higher energies around
K/K ′ points interspersed by regions with narrow band-
widths. We can gain further insight when we calculate
the ribbon band structures with sawtooth and trident
boundary conditions as shown in Figs. 1(d) and 1(e), re-
spectively. In the sawtooth boundary condition we find
gapless modes with linearly dispersing bands indicated in
red, which we show later that they propagate along the
edges, and are surrounded by higher energy in-gap states
3FIG. 2: (a) A unit cell of domain wall network connecting
to six reservoirs with “+/−” indicate domains with opposite
sublattice potentials. The length of our sample is set to be
25 nm. Arrows in red and blue stand for the outward prop-
agating modes encoding with valley indices of K and K′, re-
spectively. (b) Current partition as a function of Fermi level.
Gj1 measures the conductance from lead-1 (T1) to lead-j (Tj),
and Gtot is the total conductance from T1 to all other leads.
(c) and (d) Local density of states of current incoming from
T1 at different Fermi energies 0.001t and 0.1t, respectively.
Arrows with different valleys represent the allowed current
with specified valley index. The color scale represents the
magnitudes of local density of states.
represented in blue, while in the trident boundary con-
dition a small avoided gap appears at charge neutrality
due to the finite size effect of the ribbon. These features
indicate that a triangular ZLMs network in the bulk will
behave as a Dirac metal at the charge neutrality while
the band structure in finite width ribbon geometries will
depend on the boundary conditions.
Current partition laws—. We begin our discussions
on the transport properties of a triangular network of
intersecting zero lines by studying the current partition
properties of a single node consisting of three intersecting
zero lines connected to six leads labeled by Ti (i = 1-6)
as shown in Fig. 2(a). The electronic transport calcu-
lations are performed by employing Landauer-Bu¨ttiker
formula [40] and recursively constructed Green’s func-
tions [41]. The conductance from lead q to lead p is
evaluated by Gpq =
2e2
h
Tr[ΓpG
rΓqG
a] where Gr,a is the
retarded/advanced Green’s function of the central scat-
tering region, and Γp is the line-width function describing
the coupling between lead p and the central scattering re-
gion. The propagation of currents injected from lead p
at energy ǫ is illustrated by the local density of states
ρp(r, ǫ) = 1/2π[G
rΓpG
a]rr where r is the spatial coordi-
nate.
In our calculations, we take a large hexagonal central
region and inject current from T1 with ∆ = 0.1t choosing
the circumcircle diameter of D ≃ 50 nm. We calculate
the dependence of current-partition on the Fermi energy
EF as shown in Fig. 2(b) and we summarize the current
partition laws as follows:
G31 = G51 = 0, (1)
G21 = G61, (2)
Gtot = G21 +G41 +G61 = e
2/h. (3)
Equation (1) indicates that the current injected from lead
T1 cannot partition into T3 and T5 since the outward
propagating modes along T3 and T5 have opposite valley
chirality index, and this condition is satisfied whenever
inter-valley scattering is absent. Equation (2) is guaran-
teed by the mirror reflection symmetry that is broken in
the presence of a magnetic field. Finally equation (3) im-
plies that there is no backscattering and it is a condition
that is satisfied even in the presence of weak Anderson
disorders [5].
It is noteworthy that the forward-propagating conduc-
tance G41 for ZLM going from T1 to T4 is nonzero be-
cause they have the same chirality, in stark contrast to
the case of two intersecting domain walls where the for-
ward propagation is forbidden by the chirality conserva-
tion rule [6]. Moreover, the forward-current transmission
strongly depends on EF as shown in Fig. 2(b). When EF
is close to the charge neutrality point, G41 ≈ 0.11e
2/h
is less than the conductance of G21 = G61 ≈ 0.44e
2/h.
However, when EF is shifted away from the charge neu-
trality point and moves toward the ∆, the G41 increases
gradually and exceeds G21 when EF > 0.08t. To demon-
strate more clearly the contrast between current parti-
tions at different Fermi energies, we plot the local den-
sity of states for current injected from T1 at EF = 0.001t
and 0.1t in Figs. 2(c) and 2(d), respectively. One can
find that, the forward propagating current density in the
former case is much weaker than the latter. The strong
dependence of the current partition on the Fermi energy
suggests that longitudinal transport may be greatly mod-
ified through a perpendicular electric gate by altering the
current percolation properties in a single node.
In a classical picture the transport in a multi-node
ZLMs network could be viewed as a collection of single
nodes that sequentially satisfy the partition rules we just
discussed. Hence, in this classical picture any small frac-
tion of current backscattering at each node would quickly
suppress the forward propagation of the net current turn-
ing any conceivable network into an insulator, as reported
in Ref. 35. However, in a quantum mechanical treatment
we should expect conducting behavior in a periodic su-
perlattice through the gapless energy bands of the asso-
ciated Bloch wave functions.
Network of zero lines—. The electronic transport
properties through the triangular zero-lines superlattice
network is studied numerically by considering a rectan-
4FIG. 3: (a) Schematic of four-terminal network device formed by nine intersecting nodes with length of (Lx, Ly). The sample
shows sawtooth (trident) boundary condition from leads L to R (U to D). Red and blue regions correspond to the gapped
domains with opposite topologies. Dependence of conductance as a function of Fermi level (b) from lead U to D and (c) from
lead L to R for different system sizes (Lx, Ly). (d)-(e) Local density of states of current injected from L to R with sawtooth
domain wall boundary at (d) EF = 0.001t and (e) for EF = 0.050t. (f) Local density of stats of current injected from U to D
with a trident boundary at EF = 0.050t. We set Lx =110 nm and Ly = 220 nm for (d)-(f).
gular sample connected with four leads, labeled by R, L,
U, and D, as shown in Fig. 3(a). The sample has saw-
tooth (trident) edges for transport from leads L to R (U
to D). In our calculation, we use sublattice staggered po-
tentials of magnitude ∆ = 0.1t and take a large sample of
width Lx = 59 nm and length Ly = 102 nm consisting of
eighteen unit cells. To figure out the transport properties
of two-terminal ZLMs network devices, we first set U to
be the current injecting lead and set D as the collection
lead in order to calculate the conductances in a network
with trident edges for different Fermi energies as shown in
3(b). In this vertical UD ribbon geometry setup we find a
band gap which is signaled vanishing current flowing into
lead D near charge neutrality and a rapid increase of con-
ductance for finite carrier doping, as showin in Fig. 3(f)
from the plots of the local density of states of currents in-
jected from U at the Fermi energy of of EF = 0.05t. This
gap size at charge neutrality is found to decrease with
increasing network size. Then we calculate the transport
properties of a horizontal ribbon geometry two-terminal
devices for different Fermi energies and different system
sizes by turning on only the leads L and R , see Fig. 3(c).
5Here, we find that the conductance GLR remains quan-
tized at e2/h around the charge neutrality point. As the
size of the network grows, the energy window of quan-
tized GLR shrinks. The local density of states for cur-
rent injected from lead L near and away from the charge
neutrality point are plotted in Figs. 3(d) and 3(e), respec-
tively. Near the charge neutrality point, we find that the
incoming current propagates along the sawtooth shaped
domain walls near the upper and lower boundaries. It is
noteworthy that the total conductance contributed from
both sides is close to a conductance quantum, i.e., e2/h,
which is attributed to the edge modes shown in red in
Fig. 1(d). The corresponding edge state wavefunction
is distributed at both sides of the sample even though
the two boundaries are well separated. Based on our nu-
merical results on the monolayer honeycomb lattice with
valley Hall domains, we expect that the conductance of
a zero-line network in twisted bilayer graphene consist-
ing of two layers should be twice e2/h, which agrees with
recent experimental observations [32]. When the Fermi
energy is shifted away from the charge neutrality point,
the incoming current is partitioned in the whole topo-
logical network as shown in Fig. 3(e). Thus, away from
charge neutrality the anisotropy of transport is negligibly
small.
Role of random disorder—. To further show the ro-
bustness of the transport properties against random dis-
order near the charge neutrality point, we investigate
the effect of Anderson disorder in the sample bulk and
the rough edge geometries. The Anderson disorder is
introduced through random on-site potentials ranging
between [−W/2,W/2] where W characterizes the disor-
der strength. We calculate the conductance at charge
neutrality point of two-terminal devices for different W
with sawtooth boundary condition as a function of sys-
tem length Lx ranging from several nanometers to mi-
crometers as shown in Fig. 4(a) by keeping Ly = 22 nm.
From this figure, we find that for small disorder strength
(e.g., W = 0.025 eV), the edge modes are nearly bal-
listic since the quantization of the conductance remains
very robust and shows a weak dependence on Lx. Even
for stronger disorder strengths the conductances remain
quite robust as we see for example for a disorder mag-
nitude of W = 0.1t comparable to the bulk band gap.
Even in this strong disorder limit the conductance is still
half of e2/h for a sample with a length of 2.5 µm.
The quantization of the conductance remains when we
add irregularities between the contact leads and samples.
This disorder is introduced by changing the tilt angle α
between lead and sample as illustrated in Fig. 4(c), and
we plot the conductance as plotted in Fig. 4(b) by a blue
line with triangles where we can find that the conduc-
tance is nearly quantized and shows a weak dependence
on α.
The electrical transport in a trident edged ribbon ge-
ometry for current flowing from lead U to D has vanishing
conductance GDU at the charge neutrality point but it
becomes nonzero as soon as the edge geometry departs
from this perfect limit. To model the rough edges we con-
sider the samples as shown in Fig. 4(d) where the atoms
in blue regions with angle β at both sides are removed.
We show in Fig. 4(b) through a red line with solid circle
the dependence of GDU as a function of edge angle β. We
see that GDU at charge neutrality becomes nonzero when
we depart from the trident edge, see the electric current
density at β = 5◦ is plotted in Fig. 4(d). The system
shows a metallic behavior even if the conductance is not
quantized.
Summary—. We presented a systematic study of the
electronic structure and transport properties of triangu-
lar valley Hall domain wall networks based on graphene
with variable local gaps. We find that the network of
topological domain walls gives rise to a metallic electronic
structure with Dirac dispersions near the charge neutral
point. In a ribbon with sawtooth boundary condition,
gapless edge modes are found with the corresponding
wave-function distributed at both sides of the edge that
are well separated in space. These edge modes are differ-
ent from those in topologically nontrivial systems, which
are localized at only one edge. Our boundary modes con-
tribute to one conductance quantum e2/h with current
flowing along both sides. By including Anderson type
disorder, we find that the quantization of conductance
at charge neutrality is quite robust, and is found to be
weakly dependent on the details of the contact between
the metallic lead and the central region. We also find
that, although the conductance vanishes at the charge
neutrality point for a ribbon with trident boundary con-
ditions, the system becomes conducting when the edge
geometry becomes different, in agreement with the finite
conductance observed in experiments. If we generalize
the results obtained in monolayer graphene system to a
twisted bilayer, we expect a quantized conductance of
2e2/h near the charge neutrality point, in keeping with
the recent experimental observations for the transport in
marginally twisted bilayer graphene under the effects of
an electric field.
In the single node limit of the network consisting of
three intersecting domain walls connected to six leads,
the incoming current injected from one lead is partitioned
towards the forward direction and the two adjacent do-
main walls. This behavior differs qualitatively with re-
spect to a node consisting of two intersecting domain
walls, where forward propagation is forbidden. In a clas-
sical current partition picture where the current partition
is satisfied sequentially at each node the system would be
insulating due to an exponential decrease of the forward
propagating current even if the reflected current at each
node is only a small fraction. We find that the quantum
mechanical nature of the Bloch waves of our network pre-
cludes this type insulating behavior.
Our theoretical proposal can find its experimental
6FIG. 4: (a) Averaged conductance 〈GLR〉 from L to R as function of the system length Lx for various disorder strengths at
Ly = 22 nm when the Fermi energy is set to be at the charge neutrality point. Over 50 samples are collected for each data
point. The unit of the disorder strength is t. (b) Dependence of conductance on tilt angles. The line in red (blue) shows the
conductance from U to D (L to R). (c)-(d) Local density of states for current injecting from (c) L to R at α = 10◦ and (d) U
to D at β = 5◦.
realization in moire´ structures of graphene/h-BN het-
erostructure with expanded moire pattern lengths, in
twisted bilayer graphene with a perpendicular electric
field, or engineered in phononic crystals. Specifically, our
work reports the first microscopic prediction of the cur-
rent partition at the zero-line intersection node consisting
of three domain walls, and the transport in a network of
triangular topological channels in minimally twisted bi-
layer graphene, and paves the way for understanding the
transport properties in other triangular domain wall net-
work superlattice systems made through graphene mul-
tilayers and other 2D materials.
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